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REKHA SANTHANAM 

Abstract. It is well known that very special F-spaces and grouplike 
spaces both model connective spectra. Both these models have equivariant 
analogues in the case when the group acting is finite. Shimakawa defined the 
category of equivariant F-spaces and showed that special equivariant F-spaces 
determine positive equivariant spectra. Costenoble and Waner [7] showed that 
grouplike equivariant Eoo-spaces determine connective equivariant spectra. 

We show that with suitable model category structures the category of equi- 
variant F-spaces is Quillcn equivalent to the category of equivariant E 

oo spaces. 

We define the units of equivariant ring spectra in terms of equivariant F-spaces 
and show that the units of an equivariant ring spectrum determines a connec- 
tive equivariant spectrum. 



1. Introduction 

There are several space level models for the category of spectra. Segal [50] 
developed the notion of very-special F-spaces to model connective spectra. May 
|16j showed that group-like Eoo-spaces model connective spectra. 

May and Thomason [T^ gave a comparison of these models and showed that they 
are indeed equivalent. However, the model theoretic viewpoint was missing and the 
equivariant case was not considered. We show that the two models of equivariant 
infinite loop spaces, namely, equivariant Eoo-spaces and equivariant F-spaces are 
equivalent. 

We interpret the infinite loop space of an Eoo-equivariant ring spectrum as an 
equivariant F-space. We then describe the units of equivariant spectra in terms of 
equivariant F-spaces. 

1.1. Background and Results. Let R be an Eoo-ring spectrum. Then 7ro(-R) 
defines a monoid and wc can consider its unit components. Define GLii? to be the 
following puUback of spaces 

GLiR ^n°°R 



May, Quinn and Ray [TO] showed that GLi{R) is a grouplikc Eoo-space and hence 
determines a connective spectrum which is denoted by gli-R. 

The theory of units of ring spectra was developed to understand the obstruction 
theory [TO] for Eoo-orientations on cohomology theories and to classify these orien- 
tations. Further the classifying space of the multiplicative units of a cohomology 
(ring) theory parametrize its twistings [I], as in the case of twisted K-theory[2]. 

A recent result of Freed, Hopkins and Teleman [10] relates twisted equivariant 
K-theory of a compact lie group with the representations of the loop group of 
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the lie group. Atiyah and Segal [2] and Freed, Hopkins and Teleman [T^ give 
a geometric construction of twisted equivariant K-theory. This construction does 
not use homotopy theoretic methods. Further equivariant orientation theory is not 
as well understood as the non-equivariant case. We expect that the twistings of 
equivariant K-theory will be parametrized by the units of equivariant K-theory as 
in the non-equivariant case. We also hope that the units of equivariant ring spectra 
will give a better perspective on equivariant orientation theory. 

May's machine describing equivariant infinite loop spaces via equivariant group- 
like Eoo-spaces can be applied directly to construct the unit equivariant spectrum 
associated to the unit space of an equivariant Eqo ring-spectrum. According to 
May [private communication], the details have been understood in principle since 
the early 1980s, although the theory has still not been written up. The details 
of how equivariant Eoo-spaces describe equivariant infinite loop spaces have been 
discussed by Costenoble and Waner in [7]. 

In this article, we give a comparison theorem, between the two models of equi- 
variant infinite loop spaces. We use the comparison theorem to give a construction 
of the unit space of equivariant Eoo-ring spectrum in terms of equivariant F-spaces 
(DefnESI Defn[331). 

Let G be a finite group. Shimakawa defined the notion of Fg-spaces [5T] and 
showed that special Fg-spaces are equivalent to positive G-spectra (Defn. 13.61 ). 
We develop this notion of equivariant F-spaces further and show that very special 
F-spaces are equivalent to equivariant infinite loop spaces in Theorem l7.6l 

We describe a model structure on the category of equivariant F-spaces where the 
special Fo-spaces are the fibrant objects. We prove that this category is Quillen 
equivalent to the category of equivariant Eoo-spaces with the model structure inher- 
ited from that on the underlying category of G-spaces in Theorem 16.21 We expect 
this equivalence will respect the symmetric monoidal structures on the categories. 
This is discussed in Remark 15.181 

If X is a very special Fo-space then X(l) is a equivariant infinite loop space. 
Given a special Fo-space we show that the G-space represented by the orbit diagram 
of invertible fixed point components defines an equivariant infinite loop space cf. 
Lemma 19.61 

Beginning with an equivariant Eoo-ring spectrum we define the group of units of 
equivariant Eoo-ring spectra as a very-special equivariant gamma space in Definition 
19.101 Our definition of GLi matches with the usual notion of units of commutative 
ring spectra when the group action is trivial. 

In Appendix we discuss further why our definition of equivariant units is a 
good analog of the non-equivariant definition. As alluded to in Appendix ICl in a 
later paper joint with Chenghao Chu we will discuss the Quillen equivalence between 
the category of equivariant F-spaces and the category of equivariant spectra. There 
we will also discuss an equivariant analog of Segal's method of obtaining F-spaces 
from symmetric monoidal categories. 

All of our constructions are valid only when the group acting is finite. If G is 
not finite then Blumberg [4] shows that one cannot use the model of F^-spaces. 
The equivariant infinite loop space theory is not as well understood when the group 
acting is not finite. 
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There has been some work in the direction of describing equivariant infinite loop 
spaces in the compact Lie group case by Caruso and Waner [5]. However, very Uttle 
is known so far. 

Remark 1.1. We expect that the notion of orientations arising from the equi- 
variant space GLi for the Eilenberg-Maclane spectra of Burnside Green functors 
should be related the notion of equivariant orientation theory described by May, 
Costcnoble and Waner [6] for equivariant bundles when the group acting is finite. 
At this point we do not have any results in this direction. 

Acknowledgements. A large portion of this article is my Ph.D Thesis completed 
at the University of Illinois, Urbana- Champaign under the guidance of Charles 
Rezk. I would like to thank Charles Rezk for his valuable advice and guidance. I 
also want to thank Peter May for his suggestions and feedback on the article. 



• Let T denote the category of compactly generated based topological spaces, 
morphisms being continuous based maps. 

• Let W denote the category of pointed CW-complexes. 

• Let n, TO, p and r denote natural numbers. 

• We will denote the unit of adjunction of an adjoint pair by 77 and the counit 
by e. 

• Denote the category of sets by I and the category of finite G sets by Iq . 

• Let C be any topological category and A be an object of C. Then denote 
the corepresentable functor C(A, _) from C — >■ T by and representable 
functor C(_, A) from C ^ T by C-^. 



Let G be a compact lie group. Let U denote the complete universe of real 
representations of G, namely, W is a collection of G-representations containing the 
trivial representation and countably many copies of irreducible representations. 

Definition 3.1. A prespectrum AT is a collection of G spaces indexed on finite 
dimensional subspaces, namely, V,W oiU with G-maps S"*^ A Xy — t- Xv®w- If 
the adjoint maps are G-weak equivalences then X is called a f2 G-spectrum. 

For the rest of this article we will assume that G is a finite group. 

3.1. Equivariant F-spaces. Shimakawa [21] constructed an equivariant analogue 
of F-spaccs. We now describe equivariant F-spaces. 

Let GT denote the category with objects based G-spaces and morphisms con- 

tinuous G-maps. A map of G-spaces X — > y is a G-homotopy (weak) equivalence 
if for every H < G, 



2. Notation 



3. Equivariant Infinite Loop Space machines 




fff 



is a homotopy (weak) equivalence. 



Define 7g to be the category whose objects are the same as that of GT but 
morphisms are all maps between based G-spaces. The category 7g is enriched over 
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G-spaces. Given two based G-spaces X and Y , for any f : X ^ Y and g ^ G we 
define, 



Thus, the space of all maps Tg{X, Y) has a G-action by conjugation. 

Definition 3.2. Let F denote the skeletal category of finite pointed sets with 
pointed set maps as morphisms. Denote the n + 1 element set {0, 1, • • • ,n} by n 
where is the marked point. The category F is a topological category with discrete 
topology on the morphism sets. Note that our F is Segal's F°p. 

Define a category F[G7^ to be the category whose objects are continuous functors 
X from F to GT such that X{0) is a point. Morphisms in this category are natural 
transformations. 

Definition 3.3. Let GF denote the skeletal category of finite pointed G-sets (where 
the G action preserves the marked point) with G-pointed maps. Let Fq be the 
category with the same objects as GF but with morphisms being all pointed set 
maps, The category Tq is G-enriched. The G-action on Tq{S,T) is by conjugation 
as before. 

Define the category Fq [7g] to have objects continuous G- functors X from Fq to 
G-spaces such that X{0) is a point. We refer the objects of Fg[7g] as cquivariant 
F-space or as Fo-spaces. Morphisms in Fg[7g] arc G-natural transformations. 

Denote the category of functors X : GT ^ GT such that X{0)^* by GF[G71 

Let S denote a finite pointed G-set. Let ps : S ^ 1 for s G S* be the morphism 
defined 



Let X be a Fc-space. The projections ps induce a map 9 : S A X{S) 
defined by 6{s,x) := X{ps){x). 

Since Fg(>S', 1) Tg{X{S), X{\)) is a G-map and g.ps = Pg-^s it is easy to show 
that the map is a G-map. 

Definition 3.4. Let X be a Fc-space. If the adjoint map X{S) Tg{S,X{1)) is 
a G-weak equivalence then X is defined to be a special Fo-space. 

Define the map 2 1 to be such that /i(0) — and /i(l) = f = /i(2). Let H be 
a subgroup of G and X be a special Fc-space. Then up to homotopy the map 



induces a monoidal structure on X{1)^ . 

Definition 3.5. Let X be a special Fo-space. If for every H < G, the space 
TToX{l)^ is a group under the monoid structure induced by specialness condition 
on X, then X is defined to be a very-special Fo-space. 



9-.f{x) ■■= gf{g ^x). 




{X{l)"f 



X{2f 



H 



Given any Fo-space X, the G- functor X : Fg ^ 7g has a left Kan extension 
from the category of G-CW-complexes to 7g- Denote the left Kan extension again 
by X : Wg — > To, where Wg is the G-enriched category of based G-CW complexes. 



UNITS OF EQUIVARIANT RING SPECTRA 



5 



Let V and W he sl G-representations. Then, the adjoint map to the isomorphism 
SV /ygw _^ gV(BW induces the following map 

M&p{X{S^),X{S^®^)) 

Thus every Fc-space defines a G-prespectrum. Shimakawa |21j shows that a special 
Fc-space defines a positive fi-G-spectrum. 

Definition 3.6. A G-prespectrum X is an positive ft- G-spectrum if for every 
G-representation V such that V'~^ ^ cfi, the map X{V) — !• ft^ X{W) is a G-weak 
equivalence. 

The following proposition is an important observation (due to Shimakawa and 
May) which we will use extensively. 

Proposition 3.7. [22] Let i be the inclusion functor from F to Tg taking sets to 
G-sets with trivial G-action. Then there exist an adjoint pair of functors 

TcATg] ^ T\GJ] 
p 

which induce an equivalence of categories. 

Proof. Let X he a, functor F GT. For any finite G set, define Fg,s to be the G- 
functor Fg ^ 7^} as FG,s(r) = FG(S',r) for all finite G-sets T. 

Define the functor PX : Fg ^ 7g at a G-set S as the left Kan extension 

PX(5) = Fg,s ®r X, 

defined to be the coequalizer 

U rG(n,5) xF(m,n) x X{m) ^ U FG(m, 5) x X(m) ^PX(S) 



where one of the maps is given by the functoriality of X and the other is composition 
in Fg given via inclusion of F(m, n) — > FG(m, n) but giving the sets trivial G- 

action. Let S" be a finite G-set and / : 5 ^ n as sets. The G-action on S can 
be described by a group morphism p : G ^ S„. Define ^(n)^ to be the G-space 
X{n) with the G-action defined as follows: Given an element x £ X{n) and g G G, 
gx = gX{p{g))x ~ X{p{g){gx) since X(p{g)) is a G-map. 

Claim: PX(5) ^ X(n)p. Reason: PX(S') = U FG(m, S") x X(m)/ where - is 
defined as follows. For any h' G FG(m, S), h g FG(n, m) = F(n, m) and x G ^(n) 
we have, {h',X{h)x) ^ {fh,x). 

Fix / : 5 — !■ n to be an isomorphism of sets. This induces a group morphism 
p : G S„ such that for any s £ S, 

l9{s) = p{g)I{s). 

Define X{r\)p as before, then we have a map /3 : PX(S') — ^ X{n)p as /3{h,x) — 
X{fh){x). This is a Gmap and is invertible with inverse 6 : X{n)p — ^ PX{S) 
defined as d{x) = {f^^,x). 

Therefore, X = iPX. 

Let Y be an object in Fg[7g]- Let S" be a finite G set with \S\ = n. Then the 
G-set is completely described by (n, p : G Sn) up to a set isomorphism, where p 
describes the G-action on S. For any Y G Fg[7g] we have, iy(S')(n) = Y{n). Then 
PiYiS) = y(n)p. 
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The map e : Y{S) — ?► PiF(S') = ^(n)p is induced by the isomorphism from 
/ : S" — > n, that is, e{x) — Y{f){x). This is a G-map since e{g.x) = Y{f){g.x) = 
gY(gf){x) since F is a G-fmrctor. 

But, gX{gf){x) = gX{p{g))Y{f){x) = g.Yif)ix) in r(n),. 

Claim: e is an isomorphism. 
Reason : Define the inverse map a : Y{ri)p — > Y{S) as a{y) = Y{f~^)y. Then a is 
a G-map. 

c^igy) - >^(r')(.9y) = i^(r')i^(p(5))(.9y) 

= >^(/~V(5))(ff2/) = Yigf-')igy) = = gYif)iy). 

Thus, these functors induce an equivalence of G-categories. □ 

In r[G7^, a F-space X is special if for every H < G and homomorphism p : H ^ 
Tin the map 

X(n)p (X(l)")p 

is a i7-weak equivalence. The group H acts on as follows. For any h ^ H 

and (a;i, • ■ • , a;„) e X(l)" we have 

,a;„) = {h.Xp^h)ii)r ■ ■ ,h.Xp(^h){n)) 

Shimakawa shows that [22] [pg 226] this is equivalent to the condition that EX 
is a special Fc-space. We will switch back and forth between these two notions of 
equivariant F-spaces depending on the situation. 

3.2. Equivariant Operads and Monads. Costenoble and Waner [7] showed that 
a G-grouplike Eoo-space is G homotopy equivalent to an equivariant infinite loop 
space. 

Definition 3.8. A G-operad V is an operad in the category of G-spaees. The 
spaces 'D{ti) have an action by G x I]„ and the operad action maps are G-maps 
commuting with the symmetric group action. We assume that 2?(0) is a point 
(which induces the base point on V{n) for all n G N via the operad structure maps) 
and 1 e is fixed under the action of G. 

Definition 3.9. A D-space is a based G-space X along with G-maps 

V{7i) X X" ^ X 

commuting with the operad structure and the I]„-aetion. Maps of 23-spaces are 
maps of G-spaees which are compatible with the I?-aetion. Denote the category of 
2?-spaces by VlTa]- 

Given a based G-space X we can construct a free 2?-space 

oo 

F{X) := XE„X"/^ 

n=0 

where, the relation is defined as follows. Let aj : 2?(0) x x ■ • • 2?(0) • ■ • x — !> 
2?(j — 1) where 1^(0) is in the jth spot and let ij : X^^^ — > X^ be the map which 
inserts a point in the jth spot. Then for any d G T>(j) and x G X^^^ the relation 
is given by {c,ij{x)) ~ {crj{c),x). 

Definition 3.10. Let D be a G-operad. Then 2? is a Eoo G-operad if X'(n) is a 
universal (G, E„) principal bundle for every n G N. 
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A G-space, X is said to be an Eoo-space if it has an Eoo G-operad acting on it. 
Given an Eoo-space X, the operad induces a monoidal structure up to homotopy 
on X^ for all subgroups H < G. Define X to be G-grouplikc if ttq{X^) is a group 
for all subgroups H of G. 

4. Category of Equivariant Operators 

Both, the category of grouplike Eoo-spaces and the category of very-special F- 
spaces model infinite loop spaces. May and Thoniason [18] showed that both these 
approaches to infinite loop space are equivalent. They defined the notion of "cate- 
gory of operators" to construct a category which can be compared to the category 
of Eoo-spaces and the category of F-spaces. We generalize their ideas to the equi- 
variant setting. 

With appropriate model category structure the category F[7g] models the cat- 
egory of equivariant F-spaces. Our theorem compares the category of equivariant 
Eoo-spaces with the category F[7g]- 

We now introduce the notion of a " category of equivariant operators" . 

Definition 4.1. Let 11 denote the subcategory of F with morphisms 

n(m, n) = {0 G r(iii, ^)/4'~^{'i) has at most one clement for all i > 0} 
Note that n(m, 1) has the maps pi for all i = 1, 2, • ■ • , n. 

Definition 4.2. Let Gil denote the subcategory of GF such that 

GU{S, T) = {0 G GF(S', T) /(j)^^{t) has at most one element for aU t G T} 

Definition 4.3. Let IIq denote the subcategory of Fg such that 

T\q{S, T) = {(/) G Tg{S, T)/<f>^\t) has at most one element for aU t G T} 

Definition 4.4. Define a IlQ-space to be a covariant G-functor from X : IIq — > 7g 
such that X{0) = *. Define the rcprcscntablc IlQ-spaccs, H^t as follows 

nG,T(5') = nG(r, s) 

Define X to be a special HQ-space if the map 9 induced by the maps Ps, 

X{S) Map(5',X(l)) 

is a G weak equivalence. 

Given any pointed G-spacc Y, we can construct a IlQ-space K'Y{S) := Map(5', Y). 
This defines a HQ-space. A map a : S ^ T induces a map R'{a) : Map(S', y) — > 
Map(T,y) given by 



f{a-\t)) if|a-i(t)| = l 
* if|a-i(t)|=0 



Lemma 4.5. Let L' and R' be a pair of functors 

R' 

defined as L' X = X{1) for X G ^gYTg] and R'Y{S) ^ Tg{SX) for Y G Tg- Then 
L' and B! are G-functors adjoint to each other. 
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Proof. It is easy to sec that L' and R' are G-functors. We will denote the unit of 
adjunction of an adjoint pair by 77 and the counit by e. Note 77 : h'H'Y ~ R'y(l) = 
Map(l,r) ^ Y. 

Now, R'VXiS) = Tg{S,L'X) = Tg{S,X{1)). The maps p, induce a map 
X{S) ^ Tg{S,X{1)) = rG{S,VX) = R'L'X(S) 

as defined before. 

Therefore, the functors L' and R' are adjoint to each other. □ 

The proof of Proposition 13.71 can be modified to show that nQ[7G] and n[G7~] 
arc equivalent categories. The adjoint pair L' and R' factor through to give an 
adjoint pair L : Il[GT] GT defined as hX = X{1) and R : GT ^ Il[GT\ defined 
as Ry(n) ~ y(l)". We have the following commutative diagram : 



n[G71 



GT 




R' 



^g[Tg] 

Definition 4.6. [HI Defn 1.1] Define a category of operators to be a topological 
category whose objects are the sets n and with functors from II to G and Q to 
r such that the induced functor from 11 to F is the inclusion of 11 in F. We will 
assume that ^(m, 0) = * for all m g OhQ. 

A map of category of operators Q and Ti is the following commutative diagram 
of continuous functors. 

g 




Definition 4.7. Define a category of equivariant operators to be a category of 
operators Q enriched over G-spaces. Morphisms are morphisms of category of op- 
erators which are G-functors. An equivalence of category of equivariant operators 
is an morphism of category of operators which induces G-weak equivalence on the 
morphism spaces. 

Define a t/-space X to be a covariant G- functor from Q IoTg such that X{Q) — *. 
Denote the category of C/-spaces by ^/[Tg]- 

Note that any category of operators is enriched over G-spaces via trivial G-action 
and is therefore a category of equivariant operators. 

Let "H be a category of equivariant operators. Given any n G ObH, we have an 
object in the category H[7g] defined as 7^"(m) = 'H(m, n) for all m G ObH. A 
morphism Q % oi category of equivariant operators induces a morphism from 
'H[Tg\ ^ Q[Tg\ defined as v*Y = Yov. 

Proposition 4.8. Let Q and H be categories of equivariant operators. Let Q % 
he a morphism of category of equivariant operators. Then there exists a functor 
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G[Tg] — ^ 'H[Tg] left adjoint to v* . 



Proof. Given a functor Q ^ % and functor Q ^ 7g, there exists a left Kan 
extension of X to H defined as the coend, w*X(n) = ®g X which is given by 
the foUowing coequalizer in GT . 

Um k ^(m, n) X ^(k, m) x X(k) U,„ ^(m, n) x X{m) ^ v,X(n) 

The adjointness is easy to check. □ 

Let Q he & category of cquivariant operators. Then Q defines a monad on n[G7^. 
For any Il-space X, 

YgX{n) := 0n ^ := ]J ^(m, n) x X(m)/ ~ 

m 

where, for / S ^/(k, n), x S ^(m) and tt G n(m, k) we have (/, nx) ^ (/tt, x). 
Thus ^?[7g] is the category of Fg-algebras over XlfCT]. 

Any pointed G-operad T> induces a category of equivariant operators. Define 
T) to be the category with objects being the finite sets n and the morphism space 
defined as 

0er(m,n) l<j<n 

It follows that the category I? is a category of equivariant operators. 

The category of operators V induces a monad and denote the free algebra functor 
Fx) : n[GT] ^ n[G7l defined as 



YvX 2?X(n) = H f)(m, n) x X(m)/ 



where the relation is as before. 

Given a 2?-space X by construction RX is a P-space. Denote this induced 
functor on 2?-spaccs by Rp. We have the following square of adjoint pairs. 

n[G7l GT 

R 



v[Tc^ — v\rG\ 

Rc 

Definition 4.9. A morphism ^ in r(m, n) is said to be effective if (/)~^(0) = 0. It 
is said to be ordered if it is order preserving. The set of ordered effective morphisms 
from m to n is denoted by £'(m, n). 

Lemma 4.10. [181 Lemma 5.5] Let X be a H-space. Let V be a G-operad. For 
n>l let FpVX{n) be the image of ]J V{m, n) x X{m)/ Then i>X{n) is the 

ra<p 

union of FpT>X(n) over all p. 
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Moreover, FiybX{n) = X{0) = 'DX{0) and Fp'DX{n) can be constructed as the 
following pushout of G-spaces; 



(1) 



u n n\^-\m X n ^x{p-i) 



E(a) 



u n -Diia-HM X n x{p) 

ae£(p.n) l<j<n S(q) 



Fp_,VX{n) 



Fpf)X{n). 



Here sX{p-l) = Y[<7iX{p-l) for a-i are the ordered effective morphisms from 

i 

p-1 — > p and S(q!) = x ■ • • x 'Ea-i(n) ■ The morphism v takes (a,c;aix) to 

{aai,c;x). Then 

VX{n) = colim FpVX{n) 
where the colimit is computed in the category of G-spaces. 

Lemma 4.11. |18| Let T> be a G-operad. The functor UF is a monad on G-spaces 
and LUvFvR= UF. In fact, Ut>Ft>R= RUF. 



By Proposition IA.21 the functor R-p has a left adjoint and wc have the 
following diagram. 



(2) 



n[GT] 



GT 



V\Tg 



5. Model Category Structures 

We now set up the model category structure for all the categories which play a 
role in proving the main theorem. 

The G-topological category GT admits a compactly generated model category 
structure where 

• a map X — > F is a weak equivalence if X^ is a weak equivalence 
for all subgroups H of G. 

• a map X ^ Y is a fibration if X^ Y^ is a Serre fibration for all 
subgroups H oi G. 

• cofi-brations are maps with left lifting property with respect to all trivial 
fibrations. 

The sets / = {{G/H x S""^)+ ^ {G/H x D")+/i7 < G, n > 1} and J = {{G/H x 
0")+ {G/H x D" X l)+/H < G, 71 > 1} are the generating cofibrations and 
trivial cofibrations in GT. 

The following result is well known. This proof is an adaptation of the non- 
equi variant case. 

Theorem 5.1. Let T> be an pointed G-operad. The category of V-spaces forms 
a model category with weak equivalences and fibrations defined on the underlying 
category of G-spaces. 
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Proof. Let T> be the monad corresponding to the operad V. The category GT 
forms a cofibrantly generated model category with weak homotopy equivalences and 
Scrrc fibrations. The maps {G/H x S""^)+ [G/H x D")+ and [G/H x D")+ 
(G/iJ xD" xl)+ arc the generating cofibrations and acyclic cofibrations respectively. 
By [15l Prop 5.13] we need to show that the maps 

V{G/H X S"-^)+ ^ V{G/H X D") and V{G/H x D")+ ^ V{G/H x D" x I)+ for 
n > 1, satisfy the cofibration hypothesis [15l 5.3] and that the monad V preserves 
reflexive coequalizers. 

Reflexive coequalizers of spaces preserve finite products. Also, colimits commute 
with coequalizers implies T) preserves reflexive coequalizers. 

Thus we need to show that 

(i) for any 2?-algebra Y 

V{G/H X S"-^)+ ^ Y 



V{G/H X D")+ V{G/H X D")+ ]lv(G/H>.sr^--)^ ^ 

the pushout is a Hurewicz cofibration . 
(ii) Every relative 2?J-ccll complex is a weak equivalence. 
Note that 

• y — !> 2?5° ]J F is a Hurewicz cofibration. 

• yM'D(G,H.s---u'^i.G/H X D")+ = B(y,2?(G/i/ x S")+,P(G/ff x *)+) 
and the degeneracy maps are Hurewicz cofibrations. 

• Hence Y — )■ i^lJ-D(G/i/xS"-i)+ '^{G/H x D")+ is a Hurewicz cofibration. 
Similar ideas can be used to show that every PJ-rclative cell complex is a weak 
equivalence. 

□ 

5.1. Diagram Categories. 

Definition 5.2. [15] Let .A be a topological category. Let A[G7^ denote the 
category of covariant functors from A — ?► GT. A map of .A-spaces X — > F is said to 
be a level equivalence and a level fibration if for every object a ^ A and subgroup 
H of G, the map X{a)^ — > Y{a)^ is a weak equivalence and a Serre fibration 
respectively. A map of A-spaces is said to be a q-cofibration if it has the left lifting 
property with respect to all level acyclic fibrations. A map of A-spaces X ^ Y 
is said to be an h-cofibration if X{a) — > Y{a) is a Hurewicz G-cofibration (has G- 
homotopy extension property) for all a G ObjA. 

For every a G A we have an adjoint pair of functors, 
defined as ¥^a{X) = X{a) and ¥a{A){h) = A{a, b) ^ A 

Theorem 5.3. [151 Theorem 6.5] [HI Theorem HI. 2.4] Let A he a G -topological 
category. The category A[GT^ admits a level model category structure where the 
weak equivalences are level equivalences, fibrations are level fibrations and cofibra- 
tions are q- cofibrations. Then A[G7^ forms a compactly generated topological model 
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category with the level model structure. The set of maps Fal and Fa J for all objects 
a of A are the generating cofibrations and generating trivial cofibrations. 

Proof. The category ^[G7^ is complete and coconiplete since the coliniits and hmits 
are evaluated in the underlying category of G-spaces. In order to show that the 
model structure on G7~ lifts to ^[GT], we need to show that the sets Fq/ and Fa J 
satisfy the cofibration hypothesis. This follows from the adjointness of Fa and the 
model category structure on GT. □ 

Corollary 5.4. The category ^[[GT] is a compactly generated model category with 
the level model category structure. Then the sets J-sI and TsJ for all S € 06Gn 
are the generating cofibrations and generating acyclic cofibrations. 

Let be a G-set. Let n^s be an object of nQ[7G] defined as nG,s(T) = nQ(S', T). 
Then by restricting to the subcategory Gil this also defines a Gll-space. The 
projection morphisms ps where s £ S induce a map S A Hq^i — > lies in Gn[G7^. 
By [m Thm 4.1.1] the left locahzation of Gn[G7l with respect to the set V ~ 
{S A Hg,! ^ TIg,s/S e ObGn} exists. 

Define a Gll-space X to be a T^-local object if for every map in Z ^ W in 
V, Map(W^, X) —i' Ma.p{Z, X) is a G-wcak equivalence. Further a morphism in of 
Gn[G7^ spaces X — > F is defined to be a local equivalence if for every V^- local 
object Z, the map Map(y, Z) — > Ma,p{X, Z) is a G-weak equivalence. 

Then in the localized model category structure on Gn[G7~] 

• weak equivalences are V-local equivalences, 

• cofibrations are cofibrations in the level model category structure 

• fibrations are maps with right lifting property with respect to trivial cofi- 
brations and 

• fibrant objects are the F-local objects. 

The category nQ[7G] is equivalent to n[G7~]. Therefore, P is a right adjoint. 
Define a functor n| : IfJ' ^ Tg as ng(T) = nG(T,5). We can forget to GH to 
get a functor from Gn°P ^ GT For any X : Gn ^ GT define 

for all S G ObGn. It is easy to check that E' is the left adjoint to the forgetful 
functor i : nG[7^;] ^ Gn[G7l. 

This induces an adjoint pair of functors between Gn[GT] and n[G7^. Define 
E : n[GT] -> Gn[G7l as the right adjoint E = iP. 

GUIGT] n[G71 




i P 



Then the model category structure on Gn[G7^ induces a model category struc- 
ture on n[G7~] where 

• A map X — > y is a weak equivalence if EX FY is a weak equivalences 
in Gn[GT]. 

• A map X —5- y is a fibration if EX — > EF is a fibration in Gn[G7~]. 
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• Cofibrations are maps with the left hfting property with respect to trivial 
fibrations. 

Denote n[G7^ with the localized model category by n[G7^ix/. The notation is 
appropriate since by Claim IA.4I we can also consider this as localizing the induced 
model structure on n[GT] with respect to iV. 

Remark 5.5. The space X is fibrant in n[G71 if EX is fibrant in Gn[GT]. There- 
fore, the map 

Gn[Gr]{TiG,s,EX) Gn[GT]{s AnG,i,'EX) 

is a G-weak equivalence. In particular, 

U[GT]{iUG,s,X) n[G'7l(S'AinG,i,EX) 

is a G-weak equivalence. 

If |S'| = fc then the G action on S can be described by an isomorphism p : k — >■ S'. 
Then an argument similar to the proof of Proposition 13 . 71 shows that 

Xik), ^ (Xil f)), 

is a G-weak equivalence. 

The space X is fibrant if and only X{'k)p {X{l)''))p is a G-equivalcncc for 
every k and p. In this localized model category structure the fibrant objects in 
n[G7^ are therefore, exactly the special Il-spaces. 

Proposition 5.6. Let Q be a category of equivariant operators. Define 

• a map of Q-spaces X — > X' to he a weak equivalence (fibration) if EUgX{n) — >■ 
EUgX'{n) is a weak equivalence (fibration) of Gil- spaces and 

• a map of Q-spaces to be a cofibration if it has the left lifting property with 
respect to all trivial fibrations. 

Then G[Tg] forms a compactly generated model category with this structure. The set 
of maps FgiFsI and FgiFsJ for all objects S ofGH, are the generating cofibrations 
and generating trivial cofibrations. 

Proof. Colimits and limits exist in the category of G-functors from Q Tq- The 
sets FgiFg/ and FgiFsJ satisfy the cofibration hypothesis. This follows from the 
fact that Ug preserves colimits, iF^J and iFs J satisfy the cofibration hypothesis 
and the functor ¥g commutes with tcnsoring over spaces. Now, apply the small 
object argument [T5j Lemma 5.3] to prove the factorization axioms. The other 
axioms are easy to prove from definitions and since the model structure is inherited 
from the model structure on n[G7~]. □ 

Remark 5.7 (Claim IX^ . Consider the category G[Tg\ with the model structure 
inherited from the level model structure on Gll-spaces. Then Q\Tg\ has a localized 
model category structure with respect to the set {S A FgillG,! Fgillcs/S' £ 
ObGn} and this is equivalent to the model category structure on Q\Tg\ obtained 
from the underlying localized model category structure on Gn[G7^. 

Corollary 5.8. The category T>[Tg] therefore, has a cofibrantly generated model 
category structure where 

• a map X ^ Y is a weak equivalence (or fibration) if U-pX — !► U-pY is a 
weak equivalence (or fibration) in Il[GT]iv cin-d 
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• cofibrations are maps of 'D-spaces with left lifting property with respect to 
acyclic fibrations. 

5.2. Quillen Equivalences. 

Proposition 5.9. The adjoint functors 

n[GT],v^^GT 

R 

induce a Quillen equivalence between JI[GT] and GT ■ 

Proof. Consider Gn[GTl with the level model structure. The functor R' : GT — 5- 
Gn[G7^ takes weak equivalences and fibrations to level weak equivalences and 
fibrations. The adjoint pair L' and R' form a Quillen pair between Gn[GTl and 
GT. Since the model structure on 11 [G7^ is induced by the model structure on 
Gn[G7^ and we have the following diagram 



n[G71 




The adjoint pair L and R is a Quillen pair between n[GT] and GT. We need to 
show that the adjoint pair 

n[G7-]iy GT 

R 

induces a Quillen equivalence. 

Let y be a based G-space. Let X ^ R'F be a cofibrant replacement in Gn[G7~] 
and therefore iR'F is a cofibrant replacement in n[GTl. In. particular, EiX — > 
ER'F is a level G-weak equivalence and EiX is cofibrant in Gn[G7^v'. Then 
hX = L'EiX = X{1) -> L'EiR'y = LRy is a G-weak equivalence. 

Let X be a cofibrant-fibrant object in n[G7^. Then LX is cofibrant and also 
fibrant since all objects of GT are fibrant. Further KLX{n) = Map(n, X{1)). Then 
being fibrant in n[GT]iy implies EX EKLX is a level G-weak equivalence and 
hence a weak equivalence. 

Thus L and R induce a Quillen equivalence. 

□ 

We would like to understand what it means for VX to be special. 

Remark 5.10. Let 2? be a G-operad. Let 2? be the category of equivariant oper- 
ators induced by V. Let X be a n[G7^-space X. For any k and p : G Efc, we 
have 



{T>X{k))p = V^^uX 

= ]1( U n ^?(ir'(j)l)p)xX(m)/~, 

m 0er(m,k)p l<J<fc 

where the relation is given as follows. Let / G T^im, k), y G X{n) and a G n(n, k). 
Then {f,ay) - (/oa,y). 
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Let H he a subgroup of G and p : G — )■ Sfc be a group liomomorphism. The G 
action on T>{X{'k)) is via the G-action on r(m, k) for aU m and diagonal action on 
X for ah (j) G r(m,k). Taking fixed points, when S r(m,k)^, 

the map p acts by identity on D{\(j)~^{j)\) for aU 1 < j < fc. 

In fact, 

ii-DXik)),)" = II u n 

m <#)er(m,k)« l<j<k 

where the relation ^ is as defined before. 

Let X be an object of n[GTl. Let if be a subgroup of G. Let p : G ^ E„ be a 
group homomorphism. By Lemma 14.101 we have a filtration for VX^n). 
Then by above remark and since fixed points preserve pushouts, note that FQ'DX{n)p 
X{0)" = T>X{0)^ and F^PX(n) is the pushout of the following diagram; 

n U Vi\a-\j)\)" x^^^-,sX{p-l)" H ^ 

aG£(p,n)f 1<J<« ^^p-l^-^l"jp 



U n P(|a-(,)|)-x,(„)X(p)- .F-VXin), 

Qe£(p,n)^ l<]<n P \ Jhi 

Here sX(p-l)^ = Ui(TiX(p-l)^ where ai are the ordered effective morphisms from 
p-1 — !■ p. The morphism v takes {a,c]aix) to {aai^c]x). 

Lemma 5.11. If X is a cofibrant in Il[GT] then the map i is a h-cofibration. 

Proof. Consider the n°P x IT space n'(m, n) — n(m, n-1). Then for any ordered 
effective morphism n-1 — > n induces a level- wise h-cofibration H' — > H and hence 
n'oX— ^-IloXisa cofibration in the Hurewicz- Strom model structure by Proposi- 
tion lB.81 This implies in particular, sX(p-l)^ X{p)^ is a Ep-h-cofibration for 
all H < G, and i is a h-cofibration. □ 

Lemma 5.12. Let V be a Yi-free G-operad, that is, 'D{n) is a free Y,n-space for all 
n. Let X — !> X' be a level G-weak equivalence of cofibrant objects in n[G7^. Then 
EDX — > BJDX' is a weak equivalence in Gn[G7^. 

Proof. If X — !> X' is a level G-weak equivalence then 

II n ^^(.)SX{1>--^)" ^ II n V{\a-\j)\)"x^^^)sX'{i,-l)" 

Qe£{p,n)« l<j<n aG£(p,n)ff l<j<n 

and 

II n y^^ic.) X{i>)" ^ II II V{\a-\j)\)" x^^^)X'{p)" 

a(^e(p,n)H l<j<n Qe£{p,n)^ l<j<n 

are weak equivalences for all H < G. 
As in the non-equivariant case, we can show that if X is cofibrant then the map 
sX(p-l)^ — > X{p)^ is a Sp-cofibration for all H < G. Since acts freely on 
'D{k), we have that i is a Hurewicz-cofibration. Therefore the pushout diagram 
preserves weak equivalences. 
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By induction, F^VX{n)p F^VX'{n)p is a weak equivalence for all subgroups 
H of G. Thus inducing a G-wcak equivalence 'DX{n)p -> 2?X'(n)p, that is, a G- 
wcak equivalence FVX FVX. □ 

Proposition 5.13. Let V be a T.-free G-operad and X be a cofibrant-fibrant object 
in Il[GT] in the localized model category. Then UxiFvX is fibrant. 

Proof. A Il-space, X is fibrant if for every n £ N and homomorphism p : G — > 
the map X{n)p — > ^(l)^ is a G-weak equivalence. Let X' be the Il-space defined 
as X'(n) := By Lemma [ET^ we have that YfDX EVX' is a level G-weak 

equivalence of H-spaces. By construction this implies VX — >■ VX' is a level G-weak 
equivalence of 2?-spaces. 

□ 

Let X be an object of n[G7^. Then we can define a simplicial object in n[G7^ 
using the monad structure on n[G7^ due to Q. Given an object of n[G7^, let 
B* {Q, Q, Y) denote the simplicial object in n[G7~] with the nth simplex UgFg ■ ■ ■ UgFgY 
where UgFg is applied n-times. The simplicial structure follows from the monad 
structure of Fg\Jg. Denote the geometric realization of this simplicial object in 
n[G7^ by Ji{Q,Q,Y). Given a morphism of category of equivariant operators 
V : Q ^ "H one can similarly define B{'H, Q, Y). 

Lemma 5.14. Let Q and % be category of equivariant operators and Q ^ % be a 
morphism of category of operators. Ifli^ Q is a cofibration (Proposition^^ and 
EUgQ™ — >■ EUuH™ is a weak equivalence in Gn[G7^ then the map of % spaces 
B{Q,Q,Y) — s> B{'H,G,Y) is a weak equivalence. 

Proof. The assumption that EUg^y™ —5- EUgH™ is a weak equivalence implies 
that E\JgB^,{Q,Q,Y) — !> F\J'^B^,{H,G,Y) is a weak equivalence of GH-spaccs. By 
Proposition lB.SI both these simplicial H-spaces are Reedy cofibrant in the Hurewicz- 
Strom model structure. By Proposition IB.2I we have the lemma. □ 

Theorem 5.15. Let Q and T-L be categories of equivariant operators. Let Q H 
be a morphism of category of equivariant operators. Then the following adjoint pair 
is a Quillen pair with the model categories inherited from the underlying category 
of Fi-spaces. 

V* 

Further if II ^ Q is a cofibration (Proposition \B. 7[ ) and EUgQ™ — > EU-hH"^ is a 
weak equivalence in Gn[GT] then the above adjoint pair form a Quillen equivalence. 

Proof. Consider 'H[7g] and ^[7g] with the underlying level model structure on 
n[G7^. Then v* takes fibrations and weak equivalences in 7^-spaces to fibrations 
and weak equivalences respectively in ^-spaces since they are defined on H-spaces. 
Thus u« and v* form a Quillen pair. 

Note a map of ^/-spaces or H-spaces is a weak equivalence if it is a weak equiva- 
lence of their underlying H-spaces. In the level model structure on ^[Tg] and H[7g] 
all objects are fibrant. 
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Let Y be an cofibrant object of 5[7g]- By Lemma [5. 141 the maps 
EVgB{g,g,Y) ^ EVgY 
EU«B(5,g,y) ^ EVnB{n,g,Y) 
E\J'HB{H,g,Y) ^ EVniH^gY) ^E\Jnv,Y 
\Jgv*v^Y V-uv^Y 

are G-weak equivalences. By two out of three of weak equivalences we get that 
implies v*v^Y — ^ K is a weak equivalence in ^/-spaces. 

Let X be a fibrant-cofibrant H-spacc. Then v*X is a fibrant H-spacc. Let Y 

such that Y ^ v*X be a cofibrant replacement ^/-spaces. Then EVy^X \JgY. 
But we know that 

EVnv^Y A EVgY EU^X. 
Therefore, v„ and v* induce Quillen equivalence. □ 

Theorem 5.16. Let g and H be a category of equivariant operators and g % 
be a morphism of category of equivariant operators. Then 

g[TG\^^n[rcX 

V* 

form a Quillen equivalence with the localized model category structures on ^^[Tg] 
and 7^[7g]- 

Proof. The proof follows from noting that u*Fg = F-^ and applying Theorem 3.3.20 
[Tl] to Theorem [5T51 □ 

Theorem 5.17. Let D be a T.-free G-operad such that 1 ^ I'(l) is a h-cofibration. 
Let V denote the induced category of equivariant operators. Then the adjoint pair 
of functors, 

(3) V[Tg] 5=i nra] 

are Quillen equivalences. 

Proof. Let Y ^ Y' he fibration ( acyclic fibration) of I?-spaccs. Then \JY \JY' is 
fibration (acyclic fibration) on the underlying category of G-spaccs. By Proposition 
15.91 KUY — !• RUy is a fibration (or acyclic fibration). This implies Vv^vY — 
IJv^vY' is a fibration (or acyclic fibration) of n[7G]- Therefore the functors R-p 
and Lu form a Quillen pair. 

Note that R-p creates all weak equivalences in 2?-spaces. 

Given a cofibrant-fibrant P-space X the map of IlQ-spaces 

EUx)B(P, V, X) = B(P, V, X) EVvX 

is a level G-weak equivalence. 

Since L-p preserves weak equivalences of cofibrant objects in P[7g], 

ULi,B(Fi,Ui7,Fi3Ui3X) ^ VLvX. 

Now, R-p preserves weak equivalences of P-spaccs. Hence 

ERx)LdB(Fx)Ux) , F-pU-p Ji') — !■ ERpJjpX. 
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is a weak equivalence of Gll-spaces. 
Therefore, 

EB(RUFL,Ux)Fx,,Ui,X) ^ ER^LvX. 
We have the following commutative diagram 

EB(UpFp, UpFp, UpX) EB(RUFL, UpFp, UpX). 

where the map f3 is induced by the map of triples 

UpFp ^ RLUpFpRL ^ RUFL. 

By Lemma 14.111 and Lemma 15.91 the map ^ is a weak equivalence of simplicial 
objects on H-spaces for cofibrant-fibrant X. Given a cofibrant P-space X, the bar 
construction is Reedy cofibrant in the Hurewicz- Strom model category structure by 
Proposition IB. 51 Moreover, geometric realization preserves weak equivalences by 
Proposition [B]2] Therefore, \Jt>X UpR-pLpX is a weak equivalence of Il-spaces 
by two out of three axiom. Lemma IA.3I implies that Rp and Lp induce a Quillen 
equivalence. 

□ 

Remark 5.18. Lydakis [13] defined a symmetric monoidal structure on the cate- 
gory of F-spaccs. One can use this idea to define a symmetric monoidal structure 
on the category 11 [7^. The functor i? : 7" — > 11 [7~] respects the symmetric monoidal 
structure on T via cartesian products. The category of operators C defined by an 
operad C on 7" defines a monad on the category 11 [7^. By [T2][Thm 2.1] it is easy to 
check that this monad is symmetric monoidal and hence the symmetric monoidal 
structure lifts to C[T] and similarly to C[7^. Then in the non equivariant case, the 
corresponding Theorem 15.171 and Theorem 15.161 respect the symmetric monoidal 
structures. Thus the equivalence between Eoo-spaccs and F-spaces is symmetric 
monoidal. We expect this to generalize to the equivariant case. We will talk about 
the monoidal structure on equivariant F-spaccs elsewhere. 

6. Comparison Theorem 

Let J\f denote the G-operad, defined as N{m) = * with a trivial G-action. Let 
£" be a Eoo-G-operad such that 1 — > £{\) is a Hurewicz G-cofibration. Then by 
definition for every subgroup A < G x such that A does not contain any non- 
trivial subgroups of Em, f (m)^ — > M{m)^ is a weak equivalence. 

Consider the category of equivariant operators induced by the operads £ and A/". 
For any subgroup 77 of G and p : H ^ E™, 

0Gr(m,n)p l<i<ri 

Since £ is an Eoo-G-operad, Ef " is G- weakly equivalent to EA/"". 

Theorem 6.1. The category T[G'T\ forms a model category with the model structure 
induced by level model structure o/GF[G7^. The localized model category oj GT[GT] 
with respect to the set {Uses ^G,i ^ ^G,s/ S is a Gset} exists and induces as model 
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category structure on T[G'T\ where the fibrant objects are special T -spaces. This is 
Quillen equivalent to the localized model category structure on A/'[7g] • 

Theorem 6.2. Let £ be an equivariant Eoo-operad such that 1 — !■ £{1) is a h- 
cofibration. The category of £ -spaces with the model category structure induced from 
G-spaces is Quillen equivalent to the category of TlCT] with the induced localized 
model structure. 

Proof. By Theorem lS.lTl we get that £[Tg] with the locahzed model category struc- 
ture is Quihen equivalent to f [7g] with the underlying model category structure of 
G-spaces. 

Since £ is an Eoo-operad for any subgroup H of G and group homomorphism 
p : H ^ S„. the space {£{n)p)^ is contractible. Note that M = T. This implies 
that 

(£™(n),)^ ^ (r™(n),)« = {U^{n),)" 

is a weak equivalence. Thus EZ/Zgf" EUj^J\f"^ is a weak equivalence of GII- 
spaces. Theorem 15.151 implies that £[Tg] is Quillen equivalent to AflTc] with the 
localized model structures. Hence proved. □ 

Proposition 6.3. Let £ be an E^o- G-operad satisfying the hypothesis of Theorem 
\5.15l Let X be an equivariant £-space. Then X is a special equivariant T-space up 
to a CO fibrant replacement in T[G'T]. 

Proposition 16.31 follows from the following Lemma and Theorem 16.21 

Lemma 6.4. Let D be a Y,-free G-operad and T) ^ % be a morphism of category 
of equivariant operators satisfying the hypothesis of Theorem 15.,? 51 Let X be a 
fibrant- CO fibrant D-space. Then the map 

UvB{V,V,X) UhB{H,V,X) 

is a weak equivalence in Il[GT] and BlTL, T>, X) is a fibrant %- space in the localized 
model category. 

Proof. By hypothesis EU-dB,(P, P, X) ^ EU-hB,(7^, P, X) is a weak equivalence 
of simplicial H-G-spaces. By Proposition IB. 51 these spaces are Reedy cofibrant. 
This induces a level G-equivalence of H-spaces. This implies that U-hB(H, T), X) is 
a fibrant H-space and hence a fibrant H-space in the localized model category. □ 

Proof, of Proposition 16.31 We have shown that £\Tg] is Quillen equivalent to r[GTl 
via a Quillen equivalence with the category £\Tg\- Let X be an Eoo-space. Then 
RgX is a fibrant f-space. If we take its cofibrant replacement Y — > RgX in 
the level model category structure on £[GT] then Y is fibrant-cofibrant in the 
localized model category on ^-spaces. Now let v : £ ^ T denote the morphism of 
category of operators induced by the contractibility of f (n)'s. By Proposition 16.41 
the space Uh.B(£, £, Y) is a fibrant F-G-space. Thus, up to a cofibrant replacement, 
an equivariant Eoo-space is equivalent to a special equivariant F-space. □ 

7. Fg-spaces and Equivariant spectra 

Shimakawa |21j generalized Segal's work to the equivariant case to show that 
special Fc-spaces model positive connective J7-G spectra. We extend Shimakawa's 
work to show that very-special Fo-spaces model connective G-spectra. 
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Given a G-functor X -.Tq ^ To the left Kan extension of X from the category 
Wg of based G-CW complexes to 7g exists. Denote the Kan extension by X again 
and the homotopy Kan extension of X to Wq by X. 

Remark 7.1. Note both these constructions are functorial. This defines a functor 
from the category of cquivariant F-spaces to the category of equivariant spectra. 
We elaborate this further in Appendix [Cl 

Let A be an object of Wa- Define a functor Ya : T^p -> 7^ as YAiS) ^ TaiS, A). 
Then the homotopy extension is given by X{A) = B{Ya,Tq, X). 
Here B{YA,ra, X) denotes the geometric realization of the simplicial space 
B»(yA,rQ,X) whose n simplices are 

]]_YAiT„) X rG(T„_i,T„) X ••• X TgCTcTi) x Xin), 

Ti 

face maps are compositions and degeneracy maps are defined via the natural inclu- 
sion of identity map in V(i{Ti^ Ti). 

The left Kan extension of X at A is the coequalizer 

U Ya{Ti) X rG(To,ri) X x(ro) _^iJrA(To) x x{To) ^x{A). 

To,Ti To 

There exists a natural map from X{A) — > X{A). 

Lemma 7.2. Let X be an object in Tg[Tg\ such that iX is a cofibrant object in 
Gr[G7^ with the localized model category structure on GT -spaces. Then the map 
X X is a level G-weak equivalence. 

Proof. Let X be a representable object of rGfTc] denoted by Tq s where S is an 
object of Tq. Then Tg,s ^G,s is a level G-weak equivalence in Gr[G7^, since 
all the n-simphces in B,(Ya, Lq, Fg^s) are degenerate for n> 2. 
The set of maps 

I = {res X {G/H X S"-^)+ ^ Fg^s X {G/H x D")+/n e N, 5 G ObjFc, i7 < G} 

is the set of generating cofibrations of GF[G7^. A cofibrant object in GF[G7^ can 
be written as a transfinite composition of maps which are pushouts of maps in /. 

The bar construction commutes with colimits. Furthermore if the colimits are 
computed along cofibrations then they preserve the weak equivalences. Therefore, 
if X is cofibrant then X ^ X is a level G-weak equivalence in GF[G7^. 

□ 

Theorem 7.3. [31] Lem 1.4] Let X be a special Tg-space. Then for G-CW com- 
plexes A and B and an object S ofTa 

(a) the map X(S A A) A Map{S, X{A)) adjoint to the evaluation map S A 
X{SAA) ^X{A) is a G-weak equivalence. 

(b) // X{A) is G-grouplike and A ^ B is a G-cofibration then X(A) — >■ 
X{B) X{A/B) IS a G-fihration. 

Theorem 7.4. Let X be a very-special T a-space such that iX is a cofibrant object 
in GF[G7^ with the localized model structure. Let V and W be G -representations 
such that ^ {0}. Then X{S^) ^ X{S^®^) and X{S°) ^ nX{S^) are 
level G-weak equivalences. 
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Proof. Shimakawa [21] Thm B], shows that for any G- representations V and W 
such that + {0}, the map X{S^) ^ n^X{S^®^) and X{S") A nX{S^) 
are level G-wcak equivalences. 

By Lemma [721 we have that X{S'^) — X{S^) is a level G-weak equivalence for 
all representations V of G. Since 5*^ is cofibrant in GT, the map ft^ X{S'^) — ?■ 
iiyX{S^) is a G-weak equivalence. 

For any G-representations V, W such that V'~^ ^ {0} the map 

and 

x{s°) ^ nx{s^) 

are level G-weak equivalences. 

□ 

Lemma 7.5. Let X be a very special Tc-space and cofibrant as an object of 
Gr[G7^. Let A be a based G-CW complex. Then X{A) is G-grouplike. 

Proof. The space ^(1) is G-grouplike implies that X{1) has a homotopy inverse 
under the monoid structure. Let 5* be finite pointed G-set. Then S is equivalent 
to \/i{G/Hi)+ as G-sets, for some subgroups Hi of G. 
Since X is special , 

X{S) - X(V,((G/i/,)+)) = YIX{{G/H,)+) ^ l[MMiG/H.O+,Xil)) 

i i 
i 

Since the above equivalence commutes with the monoidal structure, X{S) is 
G-grouplike. 

Let A : 2 — ;> 1 denote the map of finite sets which map both 1 and 2 to 1. Then 
X{S A 1) being G-grouplike is equivalent to the map 

X{S A 2)" ''<^^'>^'"^P'^\ x{S A 1)^ X X{S A 1)^ 

being a G-homotopy weak equivalence. Now taking homotopy Kan extension pre- 
serves the homotopy equivalence since geometric realizations preserve finite prod- 
ucts. Therefore for any G-CW complex A, 

X(A A 2)" ^'^''^'^''> X{A A 1)^ X X{A A 1)" 

But by Lemma [72] homotopy Kan extension is weakly equivalent to Kan extension. 
Thus, we have that X{A) is grouplike for all G-CW complexes A if X is very-special. 

□ 

Theorem 7.6. Let X he a very-special Tc-space such that iX is a cofibrant object 
in Gr[G7^ with the localized model structure. Then {X{S^)} is an equivariant 
fl-spectrum. 

Proof. By Lemma 17.51 and Lemma I7.3r b) , given a very-special Fc-space X which 
is cofibrant in GF[G7], for any G-rcpresentation V we have that 

But, Thm[7Hsays that X{S°) ^ n^X{S^®^) is a G-weak equivalence. 
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Then in the fohowing diagram for any G-representation V 



both the horizontal arrows and the right vertical arrow are G-weak equivalences. 
This implies that X{S'^) ft^ X{S^) is a G- weak homotopy equivalence. 

Therefore, {X{S^)} is an equivariant fi-spectrum. □ 

8. G-SPACES AND Orbit Categories 

Definition 8.1. Let G be a finite group. Define the orbit category of G denoted 
0{G) to be the category with 

• left cosets G/H for every subgroup iJ of G as the objects 

• and, G-set maps as the morphisms. 
The morphism set can be identified as follows 

Gr{G/H, G/K) = [G/K)". 

Definition 8.2. Let an 0(G)-space be a functor from 0(G)°p to T. Define the 
category of C'(G)-spaces be the category whose objects arc C'(G)-spaces and mor- 
phisms are natural transformations. Denote this category by 0{G)\T]- Define the 
representable C'(G)-space as 

G/H {G/K) 0{G){G/K,G/H). 

The category 0{G)['T] is enriched over itself. For any two functors W and Z define 
the Map(VF,Z) as the 0(G)-space defined by the functor MapiW, Z){G/H) = 
Map (G/i? X W, Z). We use the same notation for the enriched category. 

Given a G-space W, we can define a C'(G)-space $VF defined as 

<i>W{G/H) := GT{G/H,W) = W" . 

Note that since the category 7g is G-enriched, it is naturally 0{G) enriched. 
The model category structure on G-spaces is as described in Section [5] The 
category of 0(G)-spaces has a level-model category structure where 

• a map W ^ Z is a. weak equivalence (fibration) if W{G/H) — !> Z{G/H) is 
a weak-equivalences (Serre fibration) of spaces. 

• and, cofibrations are maps with the left lifting property with respect to 
acyclic fibrations. 

Proposition 8.3. |17| .[8] The functor $ has a left adjoint C and we have an 
adjoint pair of enriched functors. 

0(G)[T]^rG 

and the categories 0{G)[T~] and GT with the model structures described above 

0{G)[r\^^ GT 

is a Quillen equivalence. 
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9. Units of Equivariant Ring Spectra 

Wc construct the group of units of a special equivariant F-spacc and show that 
it is a very special equivariant F-space. We use the equivalence of equivariant F- 
spaces and equivariant Eoo-spaces to give a construction of the units of equivariant 
ring spectra. 

9.1. Units of Special F-spaces. Denote the category of sets with set maps by X 
and let Ig denote the category of G-sets with the morphisms being set maps. The 

category Xq is G-enriched. Given a set map K — > L, the action of G is defined via 
conjugation as follows: 

for aU k e K. 

Definition 9.1. Define a F-set to be a functor from F — !> Z such that A^(0) = *. 
Then is a special F-set if the map 

N{n) iV(l)" 

is an isomorphism. 

Let iV be a special F-set. Let i : — >■ 1 be the inclusion. Then A'^(l) is a 
commutative monoid via the monoidal structure given by 

^(1) X N{1) ^ N{2) iV(l). 

If F-set N is special then iV(m A2) ^^"^^^^^ A^(m)^ is an isomorphism and we have 
a product structure on A^(m A 1). 

We can define the group of units of iV(l) in terms of a very special F-set. Let 
N' be a F-set defined as the puUback of the following diagram: 

7V'(m)C ^ N{m A 2) 

N{itA^l) 

N(i) 

iV(m A 0)(— -U N{ni A 1) 

Since mAO = and A^(0) = * the above construction is functorial, that is, describes 
a F-set. By construction A^'(m) is the pair of invertible elements of A^(m) with 
their inverses. The F-set UN describing the group units of N is therefore, the image 
of N' under the projection onto first factor namely, 

UN{m) := N{id A pi)iV'(m). 

Definition 9.2. Let G be a finite group. Define a Fo-set to be a G-functor A from 
Fg Xq such that ^(0) = *. Let : S" A A{S) A{1) be as defined in Definition 
13.41 A FG-set A is special if the adjoint of 9 induces a G-isomorphism, that is, 

AiS)" ^ HT{S,A{1)) 

is an isomorphism for all subgroups H of G. Further A is very-special if A{1)^ is 
grouplike under the induced monoid structure for all H < G. 

Given a G-functor A -.Tq Xq, the functor ^A describes a functor from Fg to 
C(G)-sets. Now the category Fg is G-enrichcd. By Proposition 18.31 the category 
is 0(G)[X]-enriched. 
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Definition 9.3. Define a rG-0(G)-set to be an 0{G)[I]- functor from Tq to 0{G)- 
sets. Given a Fc-set A, we get an TG-0{G)-set ^A. 

Note that a rG-C'(G)-sct can be rewritten as a ©(Gj-Fo-set. 
Let A be a special Fc-set. Define a FG-0(G)-set B to be the fohowing pullback 
of sets, 

B{S){G/Hf *- <^A{S A 2){G/H) 

<^A{S A Q){G/H)^—^ <^A{S A 1){G/H) 

The construction is functorial and therefore defines a FG-0(G)-set. 
Define the units of A to be the F-C'(G)-set 

\]A{S){GIH) := ^Aipi){B{S)){G/H). 

Given a rG-C'(G)-set B the projections induce the map of C'(G)-scts similar to 
the FG-spacc case. 

Definition 9.4. Define a FG-C'(G)-sct B to be special if the map induced by 
projections ps 

BiS)^0{G)[I]i<i>S,Bil)) 

is an isomorphism of ©(Gj-scts. This induces a monoidal structure on B{1){G / H) 
for all objects G/H of 0{G). If B{1){G/H) is grouplikc for aW H < G then B is 
said to be very special. 

Lemma 9.5. If A is a special T Q-set then UA is a very-special Tc-0{G)-set. 

Let X be a special FG-space. Then ttqX is a special Fc-set. Define VX as the 
following homotopy pullback 

UX{S){G/Hf ^ X{S){G/H) 

V{7ToX{S){G/H))(^^ iTroX)iS)iG/H) 

By construction, for any map 5* — > T since UX includes into X wc have a map from 
UX{S){G/H) -> X{T){G/H). But the ttqUX is a group and this map should factor 
through a group of units in of ttqX. Therefore, This UX is an Fg — ©(Gj-space by 
construction. 

Lemma 9.6. Let X be a special 0(G)-space. Then CUX is a very-special Tg- 
space. 

Proof. This follows from the adjointness of the C'(G)-spaccs and 7g- D 

Definition 9.7. Let X be a special Fc-space. Define the units of X to be the 
very-special Fc-space, CUX. 

9.2. Equivariant Eoo-ring spectra. Denote the category of G-spectra by So- 

Tileorem 9.8. The category Sg is a topological model category with 

• weak equivalences being G-weak equivalences of G-spectra, 

• fibrations being Serre fihrations of G-spectra and, 
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• cofibrations being the maps of spectra with a left lifting property with respect 
to acyclic fibrations. 

Moreover, given a continuous monad C : Sg Sq such that the category C[Sg] of 
a C-algebras has continuous coequalizers and satisfies the Cofibration Hypothesis, 
Sg creates a topological model structure on C[Sg]- 

Proof. The proof is similar to the proof of the non-equivariant version [9j Thm VII. 4. 4] . 

□ 

There exist adjoint maps from G-spectra to G-spaces. 

Sg < ' 7g 

Here, n°°X = Xq for is the trivial representation and J^°°Y denotes the spectri- 
fication of {E^r}. 

Proposition 9.9. Let C denote the linear isometrics G-operad. Then we have a 
adjoint pair of functors between equivariant Eoc-ring spectra and Eao-spaces. 

£[Sg] 5^ C[Tg] 

9.3. Defining the Units of Equivariant Eqo Ring Spectra. Let i? be a Eqo- 
equivariant ring spectrum. Then fl°°R is a Eoo- ring space. There is a forgetful 
functor to £-spaces which forgets the additive structure on il°°R due to the infinite 
loop space structure. By Proposition 16.31 as an equivariant i2-space (forgetting the 
additive structure) ^l°°R is equivalent to an equivariant special T-space. We know 
how to construct units of a equivariant special F-space. Therefore, we can make 
the following definition. 

Definition 9.10. Let R be an equivariant E'oo-ring spectrum and Y be the special 
Fc-space equivalent to the £-space, rt°°R. Define the unit equivariant spectrum of 
R to be the equivariant spectrum represented by the very-special Fo-space CUY. 

Appendix A. Adjoint Square 

Theorem A.l. [Sj Thm 3.3.10] Let B and A be cocomplete categories Beck's 
monadicity theorem states that a functor U : B ^ A is monadable if and only 

(i) U : B ^ A has a left adjoint. 

(ii) U reflects isomorphisms. 

(iii) B has coequalizers of reflexive U -contractible coequalizer pairs and U pre- 
serves them. 

Proposition A. 2. Let V and J- be cocomplete categories with an adjoint pair of 
L ^ 

functors T> ^ " T such that LR = id. Let T> and J- be categories with monadable 
R 

functors Ud ■ T) ^ T) and Uf : T ^ T . Let Fd and Ff be the left adjoints to Ud 
and Uf respectively with LUdFdR ~ UfFf. Further, let there exist R: F with 
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the following commuting diagram of adjoint functors, namely RUf = UdR- 

L 



(4) 



v. 



R 

Ui Uf 



■T. 



R 



Then R has a left adjoint such that the following diagram of adjoints commutes 

L 



(5) 



v. 



R 

Ui Uf 
L 



■T. 



R 



Proof. For any Y in I) wc have a morphism Fj^UjY 
for any Y in V note we have 



Y due to adjointness. Also 



UdFdY ■ 



'RLUdFdRL = RUfFfL 



The above map denoted by /3 is in fact a map of triples. Further 

FfLUdFdY ^ FfLRUfFfY ^ FfUfFfLY FjLY 

This gives an action a : FfLUdFd — s- FfL. 

Define a functor L : V ^ as follows. For any X inV, 



FfLUae 

FfLUdFdUdX r FfLUdX ■ 



LX 



This is a ?7j^-contraetible coequalizer. By Beck's monadicity theorem the above 
coequalizer exists. 

Claim: The functor L is adjoint to R. 

Reason: Let X be an object of V. Then there exist maps 



UdX^ 



^ RLUdX^-^^^^ RUf FfLUdX UdRFfLUdX ^ UdRLX. 

The last map is the coequalizing map in the definition of L. Since UdFd —5- RFfUfL 
is a map of triples we get a map of algebras 



UdFdUdX 



■ RFfUfLRFfUfLUdX 



UdX ^ RFfUfLUdX 

This gives a map from X RLX since 2? is a equivalent to the category of UdFd 
algebras on T). 

Since Ud is monadable, we can think of V as space of UdFd algebras. Then above 
diagram says that we have a map of UdFd algebras X RLX. 
Given any Y in J-, LRY will be given by the coequalizer 

^ FfLUan 

FfLUdFdUdRY FfLUdRY ^ LRY 

aUd 
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Using the fact that UdR = RUf and LR = id we get that the coequahzer diagram 



IS 



FfLUi-n 

FfLU.F^RUfY =^ FfUfY ^ lRY 



This reduces to 



FfUfTi 

FfUfFfUfY =^ FfUfY ^ liiY 

riFfUf 

But this gives an isomorphism LRY — > Y. 

Thus we have an adjoint pair. □ 

Let A and B be model categories. A functor V : B ^ A creates weak equivalences 
in if a map B B' is a. weak equivalence in B if and only if \JB US' is a 
weak equivalence. 

Lemma A. 3. [T31 lemma A. 2] Let U : B ^ A and F : A ^ B be a Quillen adjoint 
pair. Then ( [/, F) form a Quillen equivalence if U creates weak equivalences in B 
and for all cofibrant objects A of A, the map A UFA is a weak equivalence in A. 

Lemma A. 4. Let V be a model category and S be a set of maps in D such that the 
localization of T> with respect to S exists and is denoted by Vs . Let T be a monad 
on T) and Vt denote the category of T-algebras. Then T>t has a model category 
structure inherited by both T> and T)s. Localizing T>t with respect to TS we get 
another model category structure on Dt and let us denote this model category by 
T>TS for notational convenience. 

Then the model categories Dst o.'^d T>ts Quillen equivalent. 

Proof. : 

In the localized model category T>s 

• fibrant objects are S'-local objects, namely, fibrant objects AT in 23 such that 
for every morphism Y ^ Y' in S, the map Map(y, A) Map(Y, A) is a 
weak equivalence. 

• weak equivalences are S'-local equivalences, namely, morphisms Z ^ W 
such that Map(W^, A) — > Map(Z, A) is a weak equivalence for all fibrant 
A. 

• cofibrations are maps which are cofibrations in T>. 

• fibrations are maps with right lifting property with respect to acyclic cofi- 
brations. 

In the model category T>st 

• Weak equivalences and fibrations same as those in 23^. 

• Cofibrations are the ones with left lifting property with respect to acyclic 
fibrations. 

In the model category Vts 

• Weak equivalences are TS local equivalences. 

• Cofibrations are on the underlying category 23. 

• Fibrations have the right lifting property with respect to acyclic cofibra- 
tions. 
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Note that the free functor Ft on V is left adjoint to the forgetful functor Ut on Vt- 
Thus a TS'-local object in Dt is exactly a T-algebra whose underlying space is an S- 
local object of T>. Both model categories have the same fibrant objects. For similar 
reasons, both model categories have the same weak equivalences. Moreover, fibra- 
tions in T^st ^re fibrations in Pts- Thus one can show that the identity functors 
will actually induce an Quillcn equivalence between the two model categories. □ 
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Appendix B. Cofibrant Objects 

Proposition B.l. The category of G-topological spaces forms a model category 
with 

• weak equivalences as G-homotopy equivalences of G-spaces, 

• cofihrations are Hurewicz G-cofibrations denoted by h-cofibrations and 

• fihrations are maps with right lifting property with respect to trivial cofibra- 
tions denoted by h-fibrations. In particular, fibrations are Hurewicz fibra- 
tions. 

We will call this the Hurewicz-Strom model structure on G-spaces. 

Proposition B.2. Let X be simplicial object in G-topological spaces with the 
Hurewicz-Strom model structure. Then geometric realization preserves weak ho- 
motopy equivalences between Reedy cofibrant objects. 

Lemma B.3. [9l 1.(56.5] Let A ^ B be a h-cofibration of G-topological spaces. Then 
cobase change along a weak homotopy equivalence is a weak homotopy equivalence. 

Lemma B.4. Let the following be a pushout diagram of G-spaces ; 



i 

B ^ B Ua C. 

If i is a h-cofibration then the pushout is preserved under weak homotopy equiva- 
lences. 

For rest of this section we will assume that GT has the Hurewicz-Storm model 
structure. Consider Gil [G7~] with the level model category structure. ThenGn[GT] 
is a topological model category induced by the Hurewicz-Strom model structure on 
GT. Then 11 [G7^ is a topological model category with the model structure induced 
by the functor E. Let Q he a, category of operators and G[Tg] have the model cat- 
egory from the underlying structure on 11 [G7^. Denote the category of simplicial 
objects in the G[Tg] by s.Q[Tg]. Consider the category s.^/[7g] with the Reedy 
model structure induced by the Hurewicz-Strom model structure on 5[7g]- 

Proposition B.5. Let Q and H. be category of operators with a morphism v : Q ^ 
%. Let W ^ Q be a cofibration of x Il-.spaces. Let X be a cofibrant Q-space. 
Then the bar construction B,(T-L,Q , X) is Reedy cofibrant as a simplicial object in 

n[G71. 

Note in the case that this Proposition is applied we assume that X is cofibrant 
in model category described in Section [5^ 

In order to prove Proposition IB. 5l we reformulate the proof of a similar result by 
Rezk[Thesis]. 

Consider the category of covariant functors from H°p x H to GT denoted by 
(n°P X H)[G7^. We can define a monoidal structure on H°p x H-spaces as follows. 
For any H°p x H-spaces A and B define a H°p x H-space as 

^o6(n,m) := A"" (8)n 

Note Ho^ = A and ^oH = A. 
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The category of n°P x H-spaces acts on the category of H-spaces. Let X be a 
Il-space and A he a. n°P x H-space. Then define a Il-space A{X) as foUows 

A{X){n) :=^" ®n X. 

This defines right closed action of n°P x H-spaces on H-spaccs. Let X and Y be 
H-spaces. Define 

Honi(X,r)(m,n) 7^}(X(m), y(n)). 

Note this is a H°p x H space. 

Let X and Y be H-spaces and ^ be a H°p x H-space. Then 

Honi(^X, Y) ^ Hom(^, Hom(X, Y)). 

Further given H°p x H-spaces A and B wc get a function H°p x H-space defined 
is the coequahzer 

F(A B)im, n) Uk TcMlk, m)S(k, n)) ^= JJ^^,, TcMlk, m), B(k', n)) 

Proposition B.6. The category of H°p x H-spaces has a right closed monoidal 
structure and for 11°^ x H-spaces A, B and Q 

Hom{AoB, Q) ^ Hom{A, F{B, Q)). 

Proposition B.7. Define a morphism A ^ B in (n°P x H)[G'7~] 

• to be a weak equivalence (or fibration) if A{n, ) — >■ B(n, ) is a weak equiv- 
alence (or fihration) in H[GT] and, 

• to he a cofihration if it has the left lifting property with respect to all trivial 
fibrations. 

Proposition B.8. The action of H"^ x H-spaces on H-spaces is compatible with 
the level model category structure of H-spaces. 

Proof. Let i : X ^ Y he a cofibration of H-spaccs and p : Z ^ W he a fibration of 
H°P X H-spaces. Then we need to show that the induced maps 

/ : Hom(*, Z) — s> Hom(*, W) and 

5:Honi(r,Z) ^ Hom(X, Z) XHom(x.M') Hom(y, VF) 

are fibrations. Further we need to show that if i is also a weak equivalence, then 
5 is a trivial fibration. If p is also a weak equivalence, then / and g are trivial 
fibrations. 

We can reduce this to a similar diagram in Il[GT^ using adjointness of E and i. 
The result follows from the fact that H[G7^ is a topological model category. 

□ 

Proposition B.9. The monoidal structure of H°^ x H-spaces is compatible with 
the model category structure of H°p x H-spaces. 

Proof. We need to show that ii i : A ^ B is a cofibration and p : Q ^ H is a 
fibration of H°p x H-spaces, then the induced maps 

F(*,a) F(*,H)and 

Hom(B, g) ^ Hom(^, Q) x Hom(^,«) Hom{B,n) 

are fibrations in (H°p x H)[G7^. If i is also a weak equivalence then the second map 
is a trivial fibration. If both i and p are weak equivalences then both the maps are 
trivial fibrations. 
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In order to prove the above result we need to know that if ^ A B is a cofibration 
then A'^ — > is a cofibration of Il-spaees. This follows from the fact that fibrations 
of n°P X n[GT] are defined level- wise. 

The rest of the proof is similar to that of the previous Proposition. 

□ 

In order to prove Proposition IB. 51 we follow the proof of Proposition 3.7.3 in 
Rezk[Thesis]. In order to show that B,{'H,Q, X) is Reedy cofibrant for a cofibrant 
tj-space X, we need to show that L„_iB,(H, Cy, X) — > Bn{'H,g,X) is a cofibration 
of ^-spaces. 

Let n — ^ be the natural map. Then we have maps -A given by 

Sj = id ® • • • i ® • • • (g) id where i is in the jth spot and sq = i Cg) id ® • • • (E) id. Now, 
define Am to be the following coequalizer. 

UQom-l fl ^ TT Qom ^ , 

0<r<j<m-l ^ ^ J_l0<fe<m ^ ^ -^m 

There exist maps Sk from C?°™ gom+i giving rise to a map a : A,n gom+^ ^ 
Lemma B.IO. The following diagram is a pushout square in 11°^ x H-spaces. 

Am o n > Aji o Q 

aoid 

gom+1 o n ^ Am+1 

Proof. The functor oQ preserves colimits in 11°*' x Il-spaces as they are computed in 
the underlying category of spaces. The proof follows similar to the proof of Lemma 
3.7.8 Rczk[Thesis]. □ 

Lemma B.ll. Let Q be a 11°^ x 11 space such that W ^ Q is a cofibration of 
n°P X Yi-spaces. Then the map Am+i is a cofibration 11°^ x Yi-spaces. 

Proof. Proof is by induction. By hypothesis [Aq = 11) ^ is a cofibration. Let 
Am-i be a cofibration. Then since 11 is a cofibration, by previous 

lemma and Proposition IB.8I we get that Am — > CJ°™+i is a cofibration. □ 

Remark B.12. Note that if P is a well pointed operad, that is, * — > T>{1) is a 
h-cofibration. Then we can show that 11 — !■ P is a cofibration of n°P x Il-spaces. 

Lemma B.13. Let Q ^ H be a map ofIl°P x Il-spaces, H ^ Q be a cofibration of 
n°P X Il-spaces and X be a cofibrant Il-space. Then X) — > BniH, Q, X) 

is a cofibration in n[G7~]. 

Proof. By previous lemma and Proposition IB. 81 the map An o X — > g°^^+^ o X is 
a cofibration. Now, L„B,('H, Q, X) = H o A°" o X. This implies from Proposition 
EUthat LnB,{n,g,X) Bnin,g,X) is a level cofibration. □ 



Proof, of Proposition [BTsI follows from the previous lemma. 



□ 
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Appendix C. Discussion on units of equivariant ring spectra 

Following is a discussion regarding the equivariant gli functor from equivariant 
ring spectra to equivariant spectra. Let Sg denote the G enriched category of G- 
spectra and GS denote the category of G-spectra without the enrichment. There 
exists Quillen pair of functors between equivariant ring spectra and equivariant 

i?txj-spaces 

(6) £[rG]^^£[SG] 

induced by the adjoint pair between G-spaces and G-spectra. This induces an 
adjoint pair between the homotopy categories of £[Tg] and f [5g]. By the results 
in this article, since the homotopy categories of f [7g] and r[G7^ are equivalent we 
have an adjoint pair between the homotopy categories of r[G7^ and f 

There are two relevant model structures on the category of equivariant F-spaces. 
The one described in this paper is such that the fibrant objects in the category are 
special equivariant F-spaces, which we will denote by F[G7~]s- There is a different 
model structure in which fibrant objects are very special equivariant F-spaces which 
we denote by r[G7^i,s. In a later paper (joint with Chenghao Chu), we show that 
there is a Quillen pair between the category of equivariant F-spaces and a suitable 
category of equivariant spectra that induces a equivalence between the homotopy 
category of connective equivariant spectra and homotopy category of equivariant F- 
spaces. We will have a Quillen pair as follows, where A and B denote the equivariant 
analogs of functors A and B defined by Segal [20] [Prop 3.3] 

(7) GS^^TjGnvs 

A 

Consider the functor Units obtained by taking fibrant replacement in F[G7^s 
and then applying GLi construction to it. On the level of homotopy categories 
this induces a functor which is right adjoint to the identity functor of equivariant 
F-spaces. More precisely wc have a pair of adjoint functors. 



ho.F[G71.a^^ho.F[G7"]. 

Units 

Assembling all these diagrams and noting that the Quillen pair [7] induces an 
equivalence on the homotopy category of connective spectra. We can define the 
functor on the homotopy catcories : ho.F[GiS] ho. connective GS C ho.GiS 
adjoint to the functor Afl°° : ho. connective GS C ho.GiS — !> ho.F[GtS]. 

Remark C.l. We expect that the notion of equivariant F-spaces can be extended 
to the notion of equivariant F-spectra and one can generalize the result in this 
paper to a Quillen equivalence between the category of equivariant Eoo-spectra and 
equivariant F-spectra. Following the notation in this article, we will have. 

Claim C.2. Let £ denote a i^oo-G-operad. Then with appropriate model structures 
where the fibrant objects in F[GiS] are special objects, we get a zigzag of Quillen 
equivalences between £[Sg] and F[GS] 

We can reiterate the definition of glj^ in the equivariant case using the above 
claim. 
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